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Abstract: Suppose that Q is a finite quiver and G C Aut((3) is a finite group, k is an 
algebraic closed field whose characteristic does not divide the order of G. For any algebra 
A = kQ/X, X is an arbitrary ideal of path algebra /cQ, we give all the indecomposable 
AG-modules from indecomposable A-modules when G is abelian. In particular, we apply 
this result to the deformed preprojective algebra Hg, and get a reflection functor for the 
module category of IIqG. Furthermore, we construct a new quiver Qq and prove that IlgG 
is Morita equivalent to Hg^ for some r\. 
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1 Introduction 

Let fc be a field and Q ~ (/, A) a finite quiver with a finite set / of vertices and a finite set A of arrows. 
For each arrow a €z A, its head vertex and tail vertex are denoted by h{a) and t{a) respectively. For 
each i £ I we denote by the primitive idempotent of path algebra kQ corresponding to vertex i. 
The double quiver of Q is denoted by Q = {I, A), which is obtained from Q by adding an arrow 
a' : j —T- i whenever there is an arrow a : i j in Q. Given a A = (Ai)ig/ G k^ , let X be the ideal of 
path algebra kQ generated by the deformed preprojective relations 

aa' — a'a — A^e^, y i E I, 



aGA^ h{a)—i ad^A, t{a)—i 



The quotient algebra Eg :— kQ/X is called a deformed preprojective algebra of Q. In particular, if 
A = 0, Ilg is called a preprojective algebra of Q, which is denoted by IIq. 

Preprojective algebras were introduced by Gelfand and Ponomarev [T] to study preprojective repre- 
sentations of a finite quiver without oriented cycle. Subsequently it was discovered that preprojective 
algebras occur naturally in very diverse contexts. For example, they have been used by Kronhcimer [2] 
to deal with the problems in differential geometry, also by Lusztig [31 13] in his perverse sheaf approach 
to quantum groups. In 1998, deformed preprojective algebras were introduced by Crawley-Boevey 
and Holland [S] to study noncommutative deformations of Kleinian singularities. They are general- 
ized preprojective algebras. In the papers [B], [7], the quotient algebras of deformed preprojective 
algebras were used to realize the restricted quantum group C/q(s[2). Recently, Demonet proved that 
skew group algebras of preprojective algebras are Morita equivalent to preprojective algebras [5]. 

Skew group algebras appear in connection with the study of singularities [HI HH] ■ They are studied 
by many authors (see for example [12], [13], [Il],[in]). For the study of the representation theory of 
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skew group algebras, the readers refer to [T3| (see also [2]). Let A be a /c-algebra with a group G 
acting on A, then the skew group algebra AG is an associative fc-algebra whose underlying fc-vector 
space is spanned by the elements ga for g £ G and a G A, and the multiplication is defined by 

ga ■ hb = ghh~^{a)b, 

for aU g,h G G and a, 6 A (see [IS])- 

It is well-known that skew group algebras AG retain many features from A, such as representation- 
finite, an Auslander algebra, a piecewise hereditary algebra, a Nakayama algebra, or a Koszul algebra, 
and so on (see [TTl [T^ [T31 [HI [IS])- But there are many problems unsolved about the relationships 
between A and AG. The aim of this paper is to consider what kind of A-modules can induce AG- 
modules, and if a A-modulc induce a AG-module, how many isomorphism classes of such induced 
AG-module? 

As far as we know, in [IT] the authors studied the relationships between AG and A under the 
assumption that A is a path algebra and G is a cyclic group. In Section 2, we will discuss the same 
problems for an arbitrary algebra A = kQ/I and an arbitrary finite group G C Aut((5,I), where 
Aut((5,I) = {a G Aut(Q) I a{I) ~ I}. Aut((5,I) is called the automorphism group of bound quiver 
{Q,2). If k is an algebraic closed field whose characteristic does not divide the order of G, it is 
shown that A-module K is a AG-module if and only if y is a G-invariant A-module. Sequentially, for 
any indecomposable A-module X, if Hx = {<? G G | = X} is an abelian group, we describe all 
the A-module structures on the G-invariant A-modulc @g^Q^ ^ X by the irreducible decomposition 
kHx = Pi as i/^-representations. 

Theorem 1.1. Suppose X is a finite dimensional indecomposable A-module, Hx is abelian. Then 
for any AG-module Y , \iY = ©ggg^ ^X as A-modules, there exists a unique i S {1,2,--- , r} such 
that Y = AG ®hHx i^i ®fe -^)- That is, there are r non-isomorphic AG-modules induced from the 
indecomposable G-invariant A-module ^X. 

In fact, if G C Aut((5,2^) is a finite abelian group, we can get all the indecomposable AG-modules 
from indecomposable A-modules. 

Theorem 1.2. If a finite group G C Aut((5,X) is abelian, then a finite dimensional A-module Y 
is an indecomposable AG-module if and only if Y is an indecomposable G-invariant A-module, that 
is, Y = ®g(=Gx ^'^^ some indecomposable A-module X. 

According to Theorem 1.1 and Theorem 1.2, for a skew group algebra AG with G is abelian, 
all finite dimensional AG-modules can be obtained from indecomposable A-modules. The number 
of non-isomorphic indecomposable AG-modules induced from the same indecomposable G-invariant 
A-module can be given. In particular, all finite dimensional IlgG-modules from indecomposable HQ- 
modules can be constructed. 

In [5] , Crawley-Boevey and Holland introduced an interesting refiection functor for deformed pre- 
projective algebras. In Section 3, we will define a reflection tq. on dimension vectors and a reflection 
ao on k^. Then we use Crawley-Boevey and Holland's reflection functor to construct a reflection 
functor for skew group algebras of deformed preprojective algebras. 
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Theorem 1.3. Suppose A = (Ai)ig/ satisfies A,; = \j for any i,j ^ I in tlie same G-orbit, i is 
a loop-free vertex and Xi 0- If G is abelian and the action of G is admissible, then there is an 
equivalence 

Fi : n^G-mod — > ng^'^G-mod, 
that acts as the reflection ro. on dimension vectors. 

Recently, Demonet has introduced the definition of group species and their representations, and 
proved that skew group algebras of preprojective algebras are Morita equivalent to preprojective 
algebras [5]. In fact, it also holds for deformed preprojective algebras. In Section 4, we will give 
the group species corresponding to quiver Q = [I, A) with G C Aut{Q) and construct a new quiver 
Qg = {Ig, i^[i,p),[j.a)){{hP),U.<^))<^ii)- get the following Morita equivalence. 

Theorem 1.4. If A = (A^) e satisfies Xi = Xj for any i,j e / in the same G-orbit, then there 
is an equivalence of categories 

n^G-Mod ~ n;?, -Mod, 

where 77 ~ p)) G k^"^ ^ a-nd = ^^j^^A^. In particular, IlgG-Mod ~ Hg^-Mod. 

Consequently, the study of the skew group algebras of deformed preprojective algebras can be 
reduced to the study of deformed preprojective algebras. Finally, as an example, the quiver Qq is 
given for any Dynkin quiver Q with G C Aut((5). 

In this paper, we suppose that Q ~ (/, A) is a finite quiver and G C Aut(Q) is a finite group with 
unit e. Let k be an algebraic closed field whose characteristic docs not divide the order of G, i.e., 
char/c \ \G\. For any algebra A, we denote by A-Mod the category of A-modules, by A-mod the full 
subcategory of A-Mod consisting of finite dimensional A-modules. The readers refer to [TI] for the 
knowledge of representation of quiver and bound quiver. 

2 Module category of skew group algebras 

In this section, we suppose that I is an arbitrary ideal of path algebra kQ ( X is not necessarily 
admissible), A = kQ/I. and G C Aut(Q,I) is a finite group. All modules (or representations) are 
finite dimensional. Rep(Q,I) is the category of finite dimensional representations of bound quiver 
(Q,T). 

Let X be a A-module, g £ G. We define a twisted A-module on X as follows: as a fc-vector 
space ^X = X, the action on f A is given by a ■ x = g~^{a)x for all a G A. Let : A — > F be a A- 
module homomorphism, then the map ^tp ~ ip can be viewed as the twisted A-module homomorphism: 
^X — > fy. Indeed, for x G A and a G A, we have ip{a ■ x) ~ ip{g~^{a)x) — g^^{a)ip(x) — a ■ ^(x). 

It is well-known that categories Rep(Q,I) and A-mod are equivalent. Therefore, for any A G A- 
mod, there is one and only one representation (A,, Xa)i!^i^a£A of bound quiver (Q,I) corresponding 
to X. It is easy to see that {^Xi = Ag-i(j'), ^Aq = Xg-i(^g_-^)i^i_a£A is the representation of bound 
quiver {Q,I) corresponding to "A. For X,Y E A-mod and homomorphism Lp : X ^Y, we define a 
functor Fg by Fg(X) = ^X and Fg{p>) ^ ^Lp. One can check that 

Fg : A-mod > A-mod 
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is an equivalence functor. The inverse is Fg-i. It follows that for each g E G, X E A-mod is 
indecomposable (projective, injective, simple) if and only if so is ^X. 

Definition 2.1. (1) Given any g G G, a representation X of bound quiver {Q,I) (or X E A-mod) 
is said to be ^-invariant if ^X = X a.s representations of bound quiver {Q,2). 

(2) A representation X of bound quiver {Q,I) is said to be G-invariant if X is g-invariant for 
any g E G. 

(3) A G-invariant representation X of boimd quiver (Q,I) is called indecomposable G-invariant 

if X is nonzero and X can not be decomposed a.s X ^ X' (B X" , where X' and X" arc nonzero G- 
invariant representations. 

For each X E A-mod, let Hx = {g E G \ ^X = X}. Clearly, Hx is a subgroup of G. If we denote 
by Gx a complete set of left coset representatives of Hx in G, then we have 

Lemma 2.1. Any indecomposable G-invariant representation of bound quiver (Q,I) is of the 
form ^X where X is an indecomposable ((5,I)-representation. Moreover, the KruU-Schmidt 

theorem holds for G-invariant representations. 

Proof. Let X be an indecomposable (Q,I)-rcprcsentation. Since Qg^^^X is not G-invariant 
for any proper subset E of Gx and 0ggG,^ ^AT = 0ggG^ ''^AT for any h E G, ©ggc,^ ^AT is an 
indecomposable G-invariant ((5,I)-representation. 

Let Y be an indecomposable G-invariant ((5,X)-representation. this means that = Y for any 
g E G. Then, if an indecomposable (Q, I)-representation X occurs in summands of Y, then all 
isomorphism classes in {^X \ g E G} occur in summands of Y and only once, i.e., Y ^ ®g£Gx 

Finally, for any G-invariant ((5,I)-representation Y, if an indecomposable (Q, I)-representation 
X occur in summands of Y, then there is a G-invariant ((5,I)-representation Y' such that Y = 
Y' {®geGx ^-^)- Therefore, we can find finite numbers of indccomposables ((3,I)-representations 
Xi,X2, ■ ■ ■ ,Xn such that Y ^ ®iLi(®ff6Gx^^i) by induction on dimension of Y. The uniciucness 
follows from the KruU-Schmidt theorem for finite dimensional ((5,I)-representations. □ 

Now we consider the AG-modules, we have 

Lemma 2.2. Any AG-module F is a G-invariant A-module. 

Proof. Let F be a AG-module. We need show that ^Y = Y for any g E G. Indeed, for any g E G, 
we define a map f g : ^Y ^ Y by fg(y) = gy for all y eY. Then, for all a G A and y eY, we have 

/s(a ■ y) = 9{a ■ y) = g{g~^{a)y) = a{gy) = afg{y). 

That is, fg is a A-module homomorphism, and hence fg is an isomorphism. Its inverse is fg-i : Y — > ^Y 
such that fg-i (y) = g~^y for all y EY. □ 

Now, we consider AG-module as a Q-representation {Vi, T4)ig/.aG/i- By Lemma 2.2, we have 

(1) If vertices i and j are in the same G-orbit, then Vi = Vj as vector spaces; 

(2) If arrows a and b are in the same G-orbit, then there is a commutative diagram 





— > yh{a) 




4-5 




Vh{b) 
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such that / and g are isomorphisms. In this case, we denote hy Va ~ Vh- 

Lemma 2.3. (1) A A-module F is a AG-module if and only if for any g E G there is a A-module 
homomorphism Lpg : '^Y ^ Y satisfying 

:= f'"' o • • • o o (ySg = idsr, 

where \g\ is the order of g. In this case, we call that the AG-module Y is induced by {'Pg}- In 
particular, each G-invariant A-module is a AG-module. 

(2) For any g G G, if there are two A-module homomorphisms ipg^ipg : ^Y — > Y, satisfying 
(plf' = idsy and t/i^^' = idsy respectively. We denote by Yi, Y2 the AG-modules on Y induced by {(fig} 
and {lpg}- Then Yi = Y2 as AG-modules if and only if there is a A-module isomorphism f : Y Y, 
such that fipg = y g E G. In this case, we call {(pg}g,^G equivalent to {'ipg}g^G. 

Proof. (1) Assume that F is a AG-module, we define the map fg : ^Y — > F by y 1— > gy. Clearly, 
ip^g^ = idgy, and for any a G A and y G 1", we have 

fg{ay) = {ga)v = {g{a)g)y = g{a)gy = g{a)^pg{y). 

This means that ipg is a A-module homomorphism. Conversely, if there exists a A-module homomor- 
phism tpg : ^Y Y such that ip^g^ = idsy for each g G G, we define the action of AG on Y by 
gay — ipg{ay) for any ga G AG, y £Y. Then 1" is a AG-module. Indeed, 

ga{hby) = (pg{a{iph{by))) = (pg{(ph{h~^{a)by)) = {ghh~^{a)b)y = {ga ■ hb)y, 

for all ga, hb G AG, y eY. 

Let K be a G-invariant A-module. That is, there exists a module isomorphism 0g : ^Y — > Y for 
every g G G. As observed in [THl P.95], there exists a module isomorphism ipg : ^Y — !> Y such that 
ip^g^ = idgy. So, F is a AG-module. 

(2) If there is a A-modules isomorphism f : Y ^ Y such that fipg = ipgf for any g G G. Then 

figay) = f{(pg{ay)) = ipgf{ay) = i^gufiy) = gaf{y), 

for any ga G AG and y £ Y, i.e., / : Yi ^ I2 is a AG- modules isomorphism. Conversely, if there 
exists a AG- modules isomorphism / : Yi — > one can check that / is a A-modules isomorphism and 
satisfy fipg = i'gf for any g G G. □ 

By Lemma 2.2 and 2.3, each A-module Y is a AG-module if and only if Y is a G-invariant 
A-module. But for a G-invariant A-module Y, It is possible that there are many non-equivalent 
A-modules isomorphisms {ipg} induce AG-module structure on Y. 

Question. How many non-isomorphic AG-module structures are induced on a G-invariant A- 
module? 

In the paper |17j the answers have been given when A ~ kQ, Q is a finite quiver without oriented 
cycles, and G is a finite cyclic group. In this section, if X is an indecomposable A-module satisfying 
Hx is an abelian group, we will give the answer to this question on indecomposable G-invariant 
A-module ^geGx ^^^^ Theorem 1.1) by the similar method. Firstly, we need some preparations. 
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The following lemma can be found in |13| for skew group algebras of Artin algebras. In fact, it 
holds for AG in general. 

Lemma 2.4. Let X, Y be indecomposable A-modules and G C Aut(A), then 

(1) AG X = 0ggG A-modules; 

(2) AG ®A a: = AG (8)A Y if and only if y = f AT for some g e G; 

(3) The number of summands in the direct sum of indecomposable modules of AG(8'a A^ is at most 
\Hx\. 

Proof. (1) Note that the subpace g ®a X ^ {g (E) x \ x € X} oi AG (8) a X has a natural A- module 
structure given by a{g ® X) = g g^^{a)x. For any g e G, it is easy to see that ^X = g ®a X as 
A-modules. We have AG ®a -'^ = 0ggG 9<^aX = 0geG 

(2) It is easy to see that (p : AG (E)a X — s- AG ^\ ^X given by (p{h (E) x) = hg ^ x is a AG-module 
isomorphism. If AG ®a X ^ AG ®a Y, then F is a summand of AG ®a X ^ 0ggG ^''^ A-modules 
by the statement (1). It follows that Y ^ ^ AT for some g G G since F and ^X arc indecomposable. 

(3) Let AG^A-'^ = ©1^2© • • - ©i^t, where F^, i e {1, 2, • • • , t} is an indecomposable AG-module. 
For each i, we have = ©ggg^A' as A-module, where S* is a subset of G. Note that Gx ^ S. We 
gett<|i/,|. □ 

From now on, we assume that X is an indecomposable A-module such that Hx = {<? G G | ^ AT = 
X} is an abclian group. It follows that the regular representation kHx can be decomposed as 

r 

kHx = ^Pi, 

where pi are one dimensional irreducible i?x-representations, r = |i?jc|, and pi ^ pj if i ^ j. 

Since X is an i/x -invariant A-module, X has a natural AiJx-niodule structure by Lemma 2.3. 
Thus, Pi E)k X has also a natural A77jf-module defined by ga{l x) = gl ® gax for any ga G AHx 
and I ® X £ pi®k X ■ Similarly, HomA(Ar, pi E)k X) is a AiJx-module given by {gaf){x) = gaf{x), for 
/ G HoniAlA", Pi (Ek X), ga G AHx, and x G X; pi (Ek EndA(Ar) is AHx-vaodule given by ga{l (gi /) = 
(7/ (g) ga/ iov h ® f & Pi ®k EndA(A') and ga G AHx, where {gaf ){x) — gaf{x) for each 2; G AT. 

Claim. HomA(Ar, Pi Cg^ A") = pi (E)k EndA(Ar) as Ai/x-modules. 

Indeed, we define Fh : HomA(Ar, (E)k X) — !■ (E)k EndA(Ar) by / /i O /, for each ^ h E pi, 
where f{x) = ly if /(a::) ^ I ® y, I E pi, x,y E X . The homomorphism / G EndA(A'), this follows from 
the fact that f{ax) — af{x) — a(l (E y) — I ay, and hence f(ax) = lay = aly = af(x), for a G A, 
X E X. This means that Fh is well defined. 

Now, we show that Fh is a AiJ^-niodulc homomorphism. For any / G IIomA(A', p^ ®k X) and 
g G Hx, we have {gf){x) = gf{x) ~ g{l ® y) = gl ® gy. Note that gl = al for some a £ k 
since dim^pj = 1. Therefore, gf{x) = algy = ctgly — agf(x) and Fh{gf) — h ® gf = h ® agf = 
ah ® gf = gh ® gf — g{h ® f) = gFh{f)- So Fh is a fciJx-nrodulc homomorphism. Moreover, since 
{af){x) = af{x) = a{l®y) = I® ay, af{x) ~ lay ~ aly = af{x) for all / G Ilom\{X, pi®k X), a G A, 
Fh is indeed a A-modulc homomorphism. 

Finally, noting that F is injective and dimfcHomA(Ar, p^ ®k X) = dim^p^ (g)fc EndA(Ar), we have F 
is a A_ffA:-niodule isomorphism. 
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For convenience, let us denote 

Condition C: X is an indecomposable A- module and Hx = {g E G \ X = X} is abelian. 
Pi is the irreducible decomposition of kHx as iJx-representations, r — \Hx\- 

Lemma 2.5. Assume that Condition C. Then for any i 6 {1, 2, • • • , r}, we have 

(1) Pi C$ik X = X as A-modules and pi ®fc X is indecomposable as a Ai^x-module for all i £ 
{1,2,--- 

(2) pi®k X ^ pj ®fc X as Ai7x-niodules, Hi ^ j. 

(3) AHx «)A X = 0^^^ (E)k X as Affx-modules; 

(4) For any Ai7x-nrodulc Y, ii Y = X a.s A-modules, then there exists a unique i £ {1, 2, • • • , r} 
such that Y Pi ®fe X as Ai7x-modulcs. Hence there are r non-isomorphic A_ffx-niodules induced 
from X. 

Proof. (1) For each 7^ / G pi, we define a bijection f : X ^ pj (^k X hy x 1-^ I (g) x. Observe 
that / is a A-module homomorphism since f{ax) = I ® ax = a{l (x) x) = af{x) for all a G A, a: £ X . 
Therefore, pi ®k X is an indecomposable A-module, and hence an indecomposable Ai/x-niodule. 

(2) Assume that pi ®k X = pj X. We have pi EndA(X) = pj (^k EndA(X) by the claim. 
Since EndA(X)/radEndA(Ar) = k and radEndA(Ar) is closed under the action of Hx, we have 

Pi 0fc EndA(^)/radEndA(^) = Pj ®k EndA(A:)/radEndA(A:). 

This means pi = pj as _ffx-niodules and we get a contradiction. 

(3) By [ini Lemma 3.2.1], pi®kX \ KHx®K{pi®kX). This induce that pi®kX \ KHx®kX since 
Pi® k X X a.s A-modules. Note that pi®kX ^ pj®kX if i ^ j, we have ( 0^^^ pi®kX) \ AHx®aX . 
That is, AHx ®aX ^ Pi ®fe X by Lemma 2.4(3). 

(4) If y is a A_ffx-niodule, and Y = X as A-modulcs, then Y is an indecomposable AiJx-module. 
Since Y \ AHx ^A Y — AHx S^a X, it is easy to see that there exists a unique i £ {1, 2, • • • , r} such 
that Y ^ Pi (g)k X. □ 

Lemma 2.6. Assume that Condition C. Then we have for any i G {1, 2, • ■ • , r} 

(1) AG ®AHx {Pt ®k X) = 0ggG^ ^X as A-modules; 

(2) AG ®AHx (Pi ®k X) is an indecomposable AG-module; 

(3) AG ®AHx (Pi ®fc X) ^ AG (E)AHx {Pj ®k X) as AG-modules, if i ^ j; 

(4) AG (8)a ^ = 0[=i AG ®AHx {Pi ®k X) as AG-modules; 

Proof. (1) Since AG ®aHx (Pi '^k X) = 0^^^^ g ® pi ® X as AiJA'-modules and pi ® X = X as 
A-modules, we have AG ®aHx {Pi ®fe X) = 0geG^ g®X = 0ggG^ ^X. 

(2) The result follows from that AG®aHx {Pi®kX) = 0ggc^ ^X is an indecomposable G-invariant 
A-module. 

(3) Suppose that AG ®aHx (Pt ®fe X) = AG (E)aHx (Pj ®k X). Note that 

AG (g>AHx {pt®kX)^ g(g,p,(g,X 
geGx 

as AiJx-modules, we have h®pi®X \ AG®aHx {Pi®kX) = 0ggG'x g®Pj®X. If h®pi®X = h®pj®X, 
then pi®X = Pj (®X as AiJx-modules. This contradict to Lemma 2.5. lih(E)pi(E)X = g(E)pj(E)X for 
some h ^ g E Gx, we have X = ^X as A-modules since g®pj®X = ^X. This is also a contradiction. 
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(4) Note that AG ^ahx (.Pi ®k X) \ AG ®a AG ®aHx (Pi ®fe by the statement (1) and Lemma 
2A{2) wehave AG(E)AHx{Pt<^kX) \ AG(8)a ( ©gg^x and AG(g)Ai/„ (p^^feAT) | AG(8)aX for any i G 
{1,2,--- ,r}. Thus, (0[^i AG®Aifx(P*8'fc^)) | AG(8)aA:, and AG®a^ = 0[=i AG(8)Affx 
by Lemma 2.4(3). □ 

Proof of Theorem 1.1. By Lemma 2.1 and 2.2, if AG-module Y satisfies Y = 0ggG^ ^'AT 
as A-modules, then Y is an indecomposable AG-module. By [121 Lemma 3.2.1], Y \ AG (E)a Y = 
AG(g)A (0ggGx ^^)- hand, AG^a^AT ^ AG(E)aX for any g e G, wc have Y \ AG(E}aX. 

Thus there exists a unique i S {1, 2, • ■ • , r} such that Y = AG <E)aHx (Pi ®fe X), by Lemma 2.6(4) and 
KruU-Schmidt Theorem. □ 

Proof of Theorem 1.2. Suppose Y is an indecomposable AG-module. Then y is a G-invariant A- 
modulc and Y = 0j^i (0geGx ^-^i) "^ith some indecomposable A-modules Xi,X2, ■ ■ ■ ,Xs- Since 
y I AG ®A 5^ = ®i=i ®geGx ®A ^ATj, there exists aj such that y | AG ®a Xj. If we denote by 
kHxj = 0i4i Pi the irreducible decomposition of kHxj as iJjf^ -representations, then there exists a 
unique such that Y = AG ®AHxj ip'i ®k Xj) and Y = 0ggGx ^'^J A-modulcs, by Lemma 2.6. 
Thus, y is an indecomposable G-invariant A-module. 

If y is an indecomposable G-invariant A-modulc. By Lemma 2.3, y is a AG-module and indecom- 
posable since any AG-module is a G-invariant A-module. □ 

According to Theorem 1.1 and Theorem 1.2, we can obtain all AG-modules from indecomposable 
A-modulcs under the assumption that G is abelian. In this case, for any indecomposable A-module X, 
the G-invariant A-module @g^Q^ ^X has r non-isomorphic AG-module structures, where r ~ \Hx\- 
It is equivalent to say that there are r non-equivalent A-module isomorphisms {ipg : ^X — > X}. 
Moreover, we have 

Proposition 2.7. Suppose G is an abelian group. For any indecomposable AG-module Y, we 
have 

(1) y is simple if and only if there exists a simple A-modulc S^, such that Y = 0ggp^, 

(2) y is projective if and only if there exists an indecomposable projective A-modulc such that 

(2) y is injcctive if and only if there exists an indecomposable injective A-module ^, such that 

Proof. Suppose Y — ®g^Q,^ for some simple A-module . If there is a proper submodule 
y of y, then Y' is a summand of y as a A-module and Y' = 0gg£; ^-5^, where is a proper subset 
of G,y^. This is a contradiction by Lemma 2.1 since Y' is G-invariant. Conversely, Given a simple 
AG-module y, by Theorem 1.2, there is an indecomposable A-module X, such that Y = 0^^^^ ^X. 
If X is not a simple A-module, there exists a proper submodule X' of X. It follows that 0gg(3^, ^X' 
is a proper submodule of Y. This is also a contradiction and the statement (1) is proved. 

Since A" is a projective AG-module if and only if X as A-module is projective (cf. [191 Lemma 
3.1.7]), we get (2). By duality, we have (3). □ 

Finally, as an example, we consider the skew group algebras of deformed preprojective algebras. 
For each finite group G C Aut((5), G acts in a natural way on the double quiver Q, i.e., g{a') ~ gia)' 
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for all g £ G and additive arrow a'. 

The deformed preprojective algebras defined by IIq ;= kQ/2, where A = (AJ^g/ G , X is the 
ideal of path algebra kQ generated by the deformed preprojective relations. Note that 17(1) — X for 
any g G G if and only if A = (Ai)ig/ satisfies 

(*) : A; = \j if vertices i and j are in the same G-orbit. 

Thus, if A = {Xi)i(=i satisfies (*), then G C Aut{Q,X) and we get 

Corollary 2.8. If G C Ant{Q,X) is abelian and A = (Ai)ig/ satisfies (*), then a Xlg-module 
Y is an indecomposable (projective, injective) IlgG-module if and only if Y is an indecomposable 
(projective, injective) G-invariant HQ-module. Moreover, for any G-invariant Hg-module Y, the 
number of non-isomorphic IIq G- module structure on Y can be determined. □ 

3 The reflection functors 

In this section, we introduce a reflection functor for the module category of skew group algebras of 
deformed preprojective algebras. 

Firstly, let us recall some notations. The dimension vector of any representation V = (Vi, Va)ii£i^aeA 
of quiver Q is denoted by dimV^ = {dimkVi)i^i . The Ringel form for Q is defined to be the bilinear 
form on with 

(a. /5) = X! " X! at(a)/3/i(a), 

iel a£A 

for a, /3 G Z^. The bilinear form (a, f3) = (a, /?) -I- (/?, a) is the corresponding symmetric bilinear form. 

We say that a vertex i is loop-free if there are no arrows a : i ^ i, and if so, we define simple 
reflection ri-.lJ ^ iJ by 

rj(a) = a - (a,ei)ei, 

where Ei is the coordinate vector at i. There is a dual reflection di : k^ ^ k^ define by {diX)j — 
Xj — {ei,ej)Xi, for any j E I, X E k^ . By direct calculation, we have diX ■ a = X - ria for any A G fc^ 
and a G Z^. 

Let G C Aut((3) be a finite group. For a G ^, i G /, we denote by Oa and Oi the orbit of a and 
i respectively under the action of G, by So^Q the quiver obtained from Q by reversing the direction 
of all arrows in Oa^ and by SdQ the quiver obtained from Q by reversing the direction of all arrows 
a satisfying h{a) or t{a) in Oi, respectively. Obviously, for any i E I, there exist {ai, a2, ■ ■ • , a„} C A 
such that Oi ~ Uj=i and Oa^ ^ Oa, if j 7^ I- Note that for any arrows a, a' G A, a' is also a 
arrow in So^ Q \i a' ^ Oa , we have 

SoiQ ~ Soa„ ■ ■ ■ Soa^^So^^Q- 

If we denote by h* the reversed arrow in Sq^Q corresponding to 6, the action of G on Sq^Q is defined 
by g{h*) = g{h)* , then G C Aut(S'c)„(5) and hence G C Aut(S'c)^(3), for aU a G ^ and i G /. 

The action of G on Q is called admissible if Q have no arrows connecting two vertices in the same 
G-orbit. If the action of G is admissible, then 

ro, = W rj and do, = Y\_ 
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are well defined. 

Considering the skew group algebra IlgG, where A = (Ai)ig/ satisfying (*) : Ai = Xj if vertices i 
and j are in the same orbit under the action of G. If the action of G is admissible, do- A also satisfies 
(*) . Therefore, wc get a new skew group algebra Il'l^'^G. By [SJ Lemma 2.2], it is well known that 
a deformed prcprojcctive algebra Hq does not depend on the orientation of Q. Therefore, we have 
algebraic isomorphisms Ilg = n;^^ g = n;^^ g for any a S A, i e /. 

Lemma 3.1. HgG = H^^ qG = Lt^^ qG as algebras for any a <E A, i E I. 

Proof. Note that the action of G on Sq^Q is given by g{h*) = g{b)*, for any g £ G and any 
reversed arrow h* of h in So^Q, there is an isomorphism F : HqG — > H^^ gG by sending b to (6*)' 
and 6' to -&*, for aU 6 e Oa- Wc conclude that H^G ^ n^^^gG, and H^G ^ gG. □ 

In [5] , Crawley-Boevey and Holland introduced an interesting reflection functor for deformed pre- 
projective algebras. We want to define a reflection functor for skew group algebras of deformed 
preprojective algebras. 

Firstly, we recall the definition of the reflection functor defined in [5]. Let be a Ilg-module. 
We can identify V with a representation (1/^, Va)jgj of double quiver Q satisfying the deformed 
preprojective relations 

aeA, h{a)=j a£A, t[a)=j 

Suppose that i G / is loop-free. A; ^ 0, and no a G A such that t{a) = i. We define a new representation 
EiV — W:~ (Wi, Wa)^^j ^O'' double quiver Q by let Wt ~ KerTr, Wi = Vj for j ^ i, and with 
linear maps Wa = Va, Wa' = Va' if h{a) ^ Oi, while if h{a) = j e Oi, 

where = 0^^^^ h{a}=j^t{a), t^a ■ Vt(a) Vq, TTa ■■ ^ Vt(a) IS the canonical inclusion and 
projection, and fi = J2aeA, h{a)=j ^^aVa' , = j-J^aeA, h{a)=j^a^a- One can check that W = 
(Wi, Wa),^i^aGA is a Hg-^-module, and E,V = E,V' © E,V" if V = V O V" . Therefore, E,V is 
indecomposable if and only if V is indecomposable. 

Theorem 3.2 '5;. If i is a loop-free vertex, Xi ^ 0, then there is an equivalence 

Ei : n^-mod — > n*^-mod 

that acts as the reflection on dimension vector. □ 

Now. we consider the action of G. If the action of G on Q is admissible and A^ 7^ 0, then functor 
Eq. :— Y[j£o ■ Ilg-mod Ilg^'^-mod is well defined, since there is no arrows in Q connecting 
two vertices in the same G-orbit and Xj ^ for each j e Oi. Moreover, it is easy to see that Eq^ is a 
reflection functor since so Ej , j € Oi are. 

Lemma 3.3. Assume that i is a loop-free vertex and Xi ^ 0, and the action of G is admissible, 
then for each indecomposable IlQ-modulc X , we have 
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(1) Hx ~ Heo X- In this case, we can take Geo x = Gx- 

(2) Eo^^X = 3{Eo,X) as Hq^- ^-modules, for each geG. Thus 

g&Gx g&GE^.x 

Proof. We can identify X with representations (X;, Xa)jgj ^^-j, and Eq.X with (Yi, i^a),;g/ qsA' 
which are representations of double quiver Q satisfying the corresponding preprojective relations, 
respectively. 

(1) For each g € Hx, wc have X = ^X. This means that Xi = Xg-i(j), Xg-i(a) as well 
as Xa' ~ Xg-i(-£i;-) for any i I , a £ A. By the definition of it is easy to see that Yi = Yg-ii-j), 
Ya ~ Yg-i(a) and Ya' ~ ^g-i(a') for E^ny i G /, a e A. Hence g € He^.x and ^ Heo^x- Similarly, 
we have He^.x ^ since Eq^ is a reflection functor. Therefore Hx = He^.x- 

(2) Note that Ej^X = ^(Eg^^jjX) as H^'^-modules for aU j e O^, g e G, and g{0^) = O,. 
Accordingly, if Oi := {ji,j2, • • • ,iri}, it is easy to see that 

Eoi^X = Ej^ ■ ■ ■ Ej^Ej^^X ^ • • ■ Eg(j.^_)Egi^j^)X) = ^{Eq.X). 

Since the reflection functor Ei preserve direct sum, it follows that 

EoX = \Eo^X) = ^{Eo^X). 
g&Gx g&Gx g^Gsf^.x 

The proof of the lemma is compclcted. □ 

Proof of Theorem 1.3. It is sufficient to prove the theorem for indecomposable modules. 

By Theorem 1.1 and Theorem 1.2, there is an indecomposable IlQ-module X such that V = 
®geGx indecomposable IlgG-module V. Note that the HgG-module structure on 0^^^^ ^X 

is induced by some {tpg}, where Lpg : X^ X is HQ-modules isomorphism and satisfies <plf' = idsy 
for any g £ G. In this case, the HgG-module V is said to be induced by {vg}- 

Given an indecomposable HgG-module V = Qg^Q^ ^X induced by {(Pg}- Note that Eq. is the 
reflection functor of Hg-modulcs, wc have Ea.(pg : ^{Eq.X) Eq.X is an isomorphism as Hg- 
modules and = idg^^Eo-X) for any g e G. Now, we define F^V ~ ^g^Q^ ^{Eo,X). Note 

that the Hg°'^G-module FiV is induced by Eo.ipg. 

Let us suppose that the HgG-modulcs V and V are induced by {^Pg} and {V-'g} respectively. For 
any homomorphism f : V ^ V 'ui HgG-mod, wc define the homomorphism Fif := Eo-f : FiV ^■ 
FiV . The functor Fi is well defined. Indeed 

Fifigav) =Eoi.f{Eoifg{av)) = Eo,{fPg){av) = Ea^{tl)gf){av) 
=Eo^^g{EoJ{av)) = Eo^^g{aEoJ{v)) = gaFJ{v), 
for any ga G HgG, v G FiV. Thus, we obtain the functor 

Fi : H^G-mod ^ Hg°*^G-mod. 

Moreover, since F,V ^ Eo^V as H^-modules, we have duxvEiV ~ rQ.dimV by Theorem 3.2. 
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As a matter of fact, we can also define a functor 

Fl : nQ°'^G-mod — > n^G-mod 

in a similar way. Note that Hx = Heo.Xi it is straightforward to check that there are natural 
isomorphisms V — > F-FiV and W ^ FiF^W. Therefore Fi is an equivalence. □ 

Now. we denote by W the group generated by the reflections ro. for all loop-free vertices i e /. 
The length l{w) of w S W is said to be n if there is a expression w = roi^ ■ ■ ■ fOi^fOi-^ with shortest 
length. For each w E W, we define an action of w on by 

(wX) ■ a = X ■ (w^^a) 

for all A G fc^, a G Z^. If w = tq.^ • • • tq.^ ro^^ , it is easy to see that wX = da._^ dcj.^ • • • rfoi„ X and A 
satisfies (*) if and only if wX satisfies (*). 

Corollary 3.4. Suppose G is an abclian group acting on Q admissibly. If /i = wX for some w E W 
such that w has minimal length with this property, then there is an equivalence 

n^G-mod — > n^G-mod, 

which acts as w on dimension vector. 

Proof. By induction on the length oi w, it deduces to the case when w is the rcfiection tq. for 
some i G I. Let w ~ rQ., if A.^ = 0, then wX = A, this contradict to the minimality of w. So A^ 7^ 
and the corollary follows from Theorem 1.3. □ 

4 Morita equivalence 

In this section, the aim is to prove Theorem 1.4. Let us recall some definitions of group species and 
their representations introduced in [5]. 

Definition 4.1. A group species is a triple F = (/, (Gi)ie/, (^ij)(ij)g/2), where / is a set. Gi is 
a group for i G /, and Aij is a {kGj, fcGi)-bimodulc for G P {kGj acts on the left and kGi acts 
on the right). 

Definition 4.2. A representation of F is a pair {xi,j){ij)£i2) , where Vi is a /c-representation 

of Gi for i G /, and Xij G IIomG;(^ij- (8)g. Vi, Vj) for G P. 

Let V ~ ((Vi)ig/, {xi.j)(ij)£i2) and V ~ {{V-)iei, (x- ,,)(jj)g/2) be two representations of F, the 
morphism from V to V' is a family {fi)i£i G J^.j^j HomGi(Vi, V^) such that the following diagram 
commute 

idAi,j ® 4- 4- fj 

A representation V ~ ((Vi)ig/, is said to be finite if dimfc(Vi) are all finite. It is easy 

to check that all finite representations of a group species F together with the morphisms defined as 
above form an abclian category. We denote it by Rep(F). 
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Obviously, if G; is a trivial group for each i e /, the category Rep(r) coincide with the category 
of finite representations of quiver. 

Let G, H be two groups. For any {kG, fci7)-bimodule V and {kH, fcG)-bimodule V' , a non degener- 
ate paring between V and V' is a bilinear map (— , — ) from V xV' to k such that for all v E ^\{0} and 
v' eV'\ {0}, {v, -) and (-, v') do not vanish and such that for aU {g, h) E G x H and {v, v') eV xV' , 
{gvh,v') = {v,hv'g). 

Definition 4.3. The double group species F'^ is a triple (F, ((— , — )ij)(ij)e/2 , (eij)(i,j)g/2) where 
F = (/, {Gi)i^i, (^ij)(ij)g/2) is a group species and for each E I^, (— , is a non degenerate 
paring between Ai,j and Aj^i satifying for each (a, a') E Aij x Aj^i, (a, a')i,j — (a', a)j,i, and Sij is an 
automorphism of Ai,j such that ei,j = C^j.i is the transpose of Sj^i). 

By the definition, one see that F** is a double quiver if F is a quiver. 

Let now F'^ = (F, ((— , — be a double group species. For each represen- 
tation ((Vi)ig/, (a:^ij")(ij)e/2) of F"* and E , there is an isomorphism [5]: 

ip : Home, (A, J (8)g. Fi, V,) — > HomG.(Vi, A^^, Vj) 
f ^ I 

where f{v) = J^aeB ® /('^ ® ^) '^'-"^ ^ ^ * basis of Ai,j and a* is the clement of Aj,i 

corresponding to a in the dual basis (under the bilinear form (— , of Bi,j. By this isomorphism, 
we give one definition as follows. 

Definition 4.4. For any A = (Ai)jg/ E fc^, a representation ((l^)^^/, of double 

group species F'' — (F, ((— , —) , sa.id to satisfy the A-prcprojective relations 

if for each i E I, 

^ Xj,i o (ej J ® idyj o - Ai = 0. 

Note that all representations of F"* satisfying A-prcprojectivc relations form a full subcategory of 
Rep(F), which is denoted by A-Rep(F). In particular, if F is a double quiver, the A-prcprojective 
relations coincide with the deformed prcprojective relations stated in Section 3. 

The following lemma is similar to [8j Lemma 13]. For the completeness we skecth the proof. 

Lemma 4.1. The category A-Rep(F) does not depend on the choice of eij or (— , up to 
isomorphism. 

Proof. It suffices to prove there is a category equivalence 

F : Rep(F) — > Rep(F) 

such that F sends the A-preprojective relations of Ff = (F, i{~,~)i.j){ij)en, to the 

A-preprojective relations of Fj = (F, ((— , — ) ■ .,)g/2 , (e-j)(jj)g/2) , for any double group species 
Ff and F^. 

First of all, we prove that A-Rep(F) does not depend on the choice of ei,j. Given any E . 
we define an automorphism tp^ j of Ai^j such that tpj^^ = e'j.^^Lpij ^^jl^ ^-^d a functor 

F : Rep(F) — > Rep(F) 
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One can check that F is an equivalence of categories. F sends the representations of T satisfying 
A-preprojective relations of type Sij to the representations of T satisfying A-preprojective relations of 
type e[ .j. 

Secondly, suppose (— ^ (— For any e P, any basis Bij of Aij, we denote by 
d{x) and d'(x) the dual basis of the element x G Bij for the pairing (— , and (— , — j respectively. 
Let e" j be the automorphism of Aij satisfying e'^ j{d'{x)) = eij{d{x)) for any x G Bij. Note that e'/^ 
does not depend on the basis Bij, we have e'- j = — <^=> e-'^ (d'(e"j(rf'(a;)))) = — x, V a; € S^.j 4^ 
eij{d{ej^i{d{x)))) = -x, V a: e fi,,^ ^ Sij = Therefore, (r, ((-, ,,)(ij)g/2 , (e^^)(ij)g/2) is 

a double group species and 

Xj.i o (£j i (g) idvj ) o - Ai = if and only if ^ xja o (e" ■ ® idy^ ) o Xi,j - A^ = 0, 
jei j&i 

for each i G /. Hence, It reduces the case that A-Rep(r) does not depend on the choice of e^.j again. 
□ 

From now on, we view A and kG as subalgebras of AG and identify AG with the algebra 
(A, /cG I g{a) = gag^^^V g e Gy ae A)aigcbra 

for any skew group algebra AG. 

Given a finite quiver Q = (/, A) and a group G C Aut((5), then G acts on the path algebra kQ by 
permuting the set of primitive idempotents {e^ | i G /}. It induces an action of G on kQ in a natural 
way, i.e., {a'y = (a^)' for any a E A and g G G. As in Section 2, we get a skew group algebra HgG, 
where A = (Ai)ig/ satisfies A^ = Xj if vertices i and j are in the same G-orbit. 

For each i G /, we denote by Gi the subgroup of G stabilizing e^, and by 

ej(rad(fc(3)/rad^(fc(5))ei, 
where rad(fc(3) is the Jacobson radical of kQ. Then we can get a group species 

F := (/, {Gi)i<zl, (Ai_j)(,;^j)g/2) 

and a double group species 

r = (r, ((-, -)j,i)(i,i)G/2> (£ij)(ij)G/0' 

where F := (/, {Gi)iei, (l'ij)(,,j)e/2) , = A^j ©A*,, A*, := Homfc(Aj-,i, fc), = id^,,, ® 
(^-id^* , and (-, -)i ^ : x -> fc given by 

(a, b)ij = 62(01) + 02(61) 

for a = (ai, 02) G Ai_j and 6 = (61, 62) £ ^j.i- It is easy to see that 

(1) {gag^^, gbg^^)gi^gj = {a,b)ij, for aeAij, b e Ajj and 5 G G; 

(2) Egi^gjigag'^) = gei^j{a)g^^, for a G A^^, and 5GG 

where we denote gi := g{i) for convenience. 
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Let / be a set of representatives of the classes of / under the action of G on /, Ei^j a set of 
representatives of the classes of P under the action of G on Oi x Oj, where Oi is the G-orbit of i. If 
«o G ^ is a representative of the class of i, we denote by the element of G such that K^io = i. 

Now, we want define a new double group species. Firstly, for any G we let 

It is easy to check that Ai^j is a {kGj, fcGi)-bimodule and Aij does not depend on the choice of . 
Therefore, we get a group species fc := (7, (G.j),,g7, (^ij)(j,j)g72)- Secondly, for any (z, j) € 7^, 
hiKj^GKiigi S ^ij, g2K^i^bKji'h2 G i, we define 

{hiKj,^aKi>gi, g2K^^bKjuh2)ij 

{Kj„h2hin~,'^aKi,gig2K~} , if (i', /) = (z", j"), 

and Kj/> h2hiK~,^ Ki' gig2K~,} = e; 
0, otherwise. 

and e-j(/iiK^^aKi'5i) = |g.||g,| (^G, ((-, -)ij)(tj)e/2 , (e^ j)(jj)e/2) is a 
double group species (see [H Lemma 16]). We define the functor 

$ : (fcg)G-Mod — > Rep(f g) 

where IVi = e.iV for each z e / and yij : A^j- iS)g. Wi Wj, yij{a w) — av for each (z, j) e 

Then, by [8l Proposition 15] wc have 

Lemma 4.2. (f> : (fc(3)G-Mod — > Rep(rG) is a categories equivalence. □ 
For i,j G /, we define an equivalence relation " ^ " on G,; x Gj by (g, ft.) ^ (5', ft.') if and only if 

hnJ^Hig = h' kJ^ Kig' , and denote by Gij the set of representatives of the equivalence classes for this 

relation, then 

Bij = y y hKj,'^Bi'j'Ki'g 

is a basis of J- for any (z,j) g where j- is a basis of 0. One can check that, if ftiK^^'^aKi'^i G 
Bi.j, the dual basis of Aij in for (— )ij is (ftiK^"'^aKi'(7i)* = g^^ K,~,^a* Kjih^^ , where a* is the 
dual basis of Aj',i' corresponding to a in Bi',j' for (— , 
As the proof of [H Proposition. 17], we have 

Proposition 4.3. If A = (Ai)ig/ satisfies Xi = Xj for any vertices z, j in the same G-orbit, 
then the category of representations of {kQ)G satisfying the A-preprojective relations is equivalent 
to the category of representations of Pg satisfying the ^-preprojective relations, where ^ = {Cio)i„£Tj 

Proof. Note that \Gi\ = \Gj\ if z and j are in the same G-orbit. The hypothesis of A = (Ai)ig/, 
? = (Cio)ioG7 are given well. 

Recall that there is an equivalence functor $ : {kQ)G-lsAod Rep(PG) and every {kQ)G repre- 
sentation V = (^(Vi)i^j, (a;ij)(2;.j)g/2) is G-invariant. It follows that 

Xj,i o {sj^i (g) idyj o - A.iidy = 
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for any i G / is equivalent to X^je/ ^j,' ° ® ^^Vj ) ° 2;^ j — Aiidy. = 0, for any i G /. For this reason, it 
reduces to prove that = {{Wi)^^J, {yi,j)(^ij-)^j2) satisfies X^^g/ 2/^,1° (^j-^^^idiv^ )o5^ij -Cjidw. =0 

if and only if V" = {{Vi)^^!, satisfies J2jei ^i-i ° ® ^^^Vj) ° ^hi ~ ^i^^Vi = for any 

i G / and (A:Q)G- module V . For all i G / and v G Wi, we have 



^Et^ E E E 



' " je7 ' ^' (»'j')eB.,. (s./OeG.,,,, 

Define a map Ci'j' '■ Gi'.j' ^ 7 by (g, ft.) n> g^^n^^j' for all G 7?;^-, i,j G 7. It is easy to 

check that ImC.'j' = h'^f := {/' G / | 3 .g G G, such that (ij") = .g(i',j')} and |Cv = for 

any j" G 7i'j/, where Ci~j'(j") is the set of prcimages of j" . Note that 

^-U U 

it follows that 

je7 ' (''jOeB-.j (s.'OeG.,,^., 

for alH G 7. The proof is completed. □ 
In the following we define a new quiver Qg ~ {Ig} {-^[i p) a)')i{i-p)-{j,'r))€i^) associated with the 
group species fc = (7, {G^)^^Y, {A.^j)^^ .^^^^) by 

-^G = |J{i} X irr(Gj) and .4'(,^^) = Home, ^g, P, o")*, 

where {i,p),{j,(T) G 7g, IIomG^(Aij (g)G, p, cr)* = IIomA;(HomGj (A^j P, cr), fc), and irr(G,;) is 
the set of representatives of isomorphism classes of irreducible representations of Gi . 
For (i, p), {j, a) G Iq and two vector species V , W, there is a linear isomorphism 

(P(j_p)_(j^^) : Homfc (HoniGj {Aij P, c)* <^k V, W) Homc^- {Aj ®g^ P<^kV, a (g)fe W) 

define by (p{i^p)^{j.a) ^t(>^v) ~ J2geBc ) ( > ^('^ ® i) '8' /(p* ® w), which does not depend on the 
choice of a basis i3(i,p),(j,cr) of Homc^. (A^j (gJc. p, u). 
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By [8j Proposition 19], if we define the functor 

* : kQc-Mod — > Rep(rG) 

where W, = 0peirr(G.) "^(^.p) ^'^'^ ^^'^ ,• ,• „ e / ■ We 

have 

Lemma 4.4. : kQc-M.od — > Rep(rG) is a categories equivalence. □ 
We claim that Qq is a double quiver. Indeed, let {i, p), (j, a) & Iq, f & p) = Honic^. {AijiS^c. 
p, cr), and 5 g ^(j»,(i.p) = HomG.(^j> ®Gj o-, p), we define a map 

(f>a- P — > P 

r ^ g{a* f{a(g)r)) 

where a £ Bi,j, a* is the clement of Aj^i corresponding to a in the dual basis of Bij for (— , —)[ j. It is 
easy to see that (j)a is a Gi-representation homomorphism. Since p is irreducible, we know that (pa is 
a multiple of the identity and g{a* (g) /(a r)) = -r^ — Tr(/)a ■ r, where Ticpa is the trace of (j)a- Now, 
we let 

{f,9)(i,p)Xj.'y)= ^ ^"^(t^a and e(j-,^)^(,^p) (/) = / o ^ ® idp) = -/ o (e'^^^. ® idp), 

for {i,p), (.7, cr) G /q. One can check that (— , — )(i,p),(j,cr) is a non degenerate paring and £(j,o-),(i.p) = 
— *e(i p) (j- ct). Thus, one has also a non degenerate paring between p) (j g.) ^'^'-^ ^[j (i p)^ which 
we also denote by (— , — )(i,p),(j,cr). The automorphism e(i,p),(j,CT) can be seen as an automorphism of 
p) (j ^^'"'-'^S^ ~)(i,p),(j.(T) 1 and therefore Qg is a double quiver. 

Proposition 4.5. For any ^ = (fi)ig7; the category of representations of To satisfying the 
^-preprojective relations is equivalent to the category of representations of Qg satisfying the rj- 
preprojective relations, where r/ = {'>l{i.p))(i.p)eiG satisfying ?/(i,p) — dimfcp • ^i. 

Proof. Denote by B(^i p-j ^j ,y) a basis of HomCjiAij (Ejd p,o') such that p) ^r) and B^j ,yy(^i p) 
form a dual basis for (— , ~)(j^a),(i-p)- Let a € B(i,p),(^j^a), P S ^(3,<y),(i,T), we define map ipa,/} '■ P ~^ t, 
by ipa,0i'r') = J2aeB f^^^'j ii'^*) ® '^('^ ® '^)) f'^'" r € p. One can check that ^a,f3 does not depend 
on the choice of a basis Bi^ of A^j-, and <Pq,.^ is a Gi-representations homomorphism (or see [8l 
Proposition 20]). 

Therefore, ipa,i3 — ii t ^ p, since r and p are irreducible. And if t = p, for any r £ p, there is 

Eo^ * ^ / ^ \\ (a,/3)(i,p),(j» 
p[a (g) a(a (g) r)) = r 
dimfcp 
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Now, given any Qc-representation V = ((V(,,p))(,,p)e7c' (2^(i,p),(j,'^))((«,p),(j,<T))e/a) ' 
((^i)ig77 (yi,j){i j)^!^) satisfies the ^-preprojective relations, that is, for ah « G /, r(g)w G p® V(,;^p) C 

jeiaeBij CTGirr(Gj) '»eS(i,p), 
jeiaeBij <jeirr(Gj) "Gi3(i,p),(j,„) 

(i.cr)e/G QeH(i,p).(j,„) 

= X X ^a,e-^^,^(^.„,(«W®a;(,,,),(,,p)((e-ip)_(^.^)(/3))*«)X(,,p),(,-^ 
(i,cr)e/G aeB(i.p),(j,„) 

^SB(j,<,),(i,x) 

"di£^® ^ ^ a:(,-<,),(,,p)(e(,-,),(,-p)(a)®X(,,p),(,-,)(a*«)i;)) 



dinifcO 



This is equivalent to say that 



(i,<T)e-fG 



for any v G V(.j_p). Hence we get the proof. □ 



Proof of Theorem 1.4. It follows from Proposition 4.3 and Proposition 4.5. □ 

By the definition, for any quiver Q we can get the quiver given by the double group species 
corresponding to Q. 

In particular, if Q is a Dynkin quiver, we can describe the quiver Qq immediately by direct 
calculation, which are given as the following table. 
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Q 


G 


Qg 


A2n+iin > 0) : 
1—2— 

1'— 2'-^ • • • — n'^ 


17 

£2 


71+1' 

1— 2— — ^ " X 

71+1 


D4 : 2" 
2^ 

^ 2' 


C 


1' -2 

1 <^^^^^^ 
1" 2' 


Dnin>0): 

1—^2— — n-2C^ 


L2 


1—^2— — ^n- 2 

1'— 2!-^ • • • — 71 - 2'^ 


: 1 
i 

4'— 3'— 2 —^3—4 


Z2 


4 

t 

1'— ^ 2'— ^ 3 — 2 — 1 



Since the deformed preprojective algebra IIq does not depend on the orientation of Q, the above 
table shows that for all the Dynkin quivers with relevant nontrivial automorphism group, Qg is also 
a Dynkin quiver. Thus, by [51 Theorem 7.3] we have 

Corollary 4.6. Assume that Q is a Dynkin quiver and A = (Ai)ig/ satisfies A,; ~ Xj once the 
vertices i and j are in the same G-orbit. Then there is a Dynkin quiver Q' such that rigG is Morita 
equivalent to Hq'. 
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